Abstract. We consider a general discrete-time branching random walk on a countable set X. We relate local, strong local and global survival with suitable inequalities involving the first-moment matrix M of the process. In particular we prove that, while the local behavior is characterized by M , the global behavior cannot be completely described in terms of properties involving M alone. Moreover we show that locally surviving branching random walks can be approximated by sequences of spatially confined and stochastically dominated branching random walks which eventually survive locally if the (possibly finite) state space is large enough. An analogous result can be achieved by approximating a branching random walk by a sequence of multitype contact processes and allowing a sufficiently large number of particles per site. We compare these results with the ones obtained in the continuous-time case and we give some examples and counterexamples.
Introduction
The theory of branching random walks (BRWs from now on) has a long history dating back to the earlier works on discrete-time branching processes (see [10] for the original work of Galton and Watson and [1, 13] ). In the last 20 years much effort has been put in the study of continuoustime BRWs (see [15, 17, 18, 21, 22] just to name a few). Among all the topics which have been studied there is the distinction between local and global survival (see for instance [24, 26, 2, 3] ) and the relation between multitype contact processes and BRWs (see [4] ); besides, some papers have explored the subject of continuous-time BRWs on random environments (see for instance [12] ).
Discrete-time BRWs have been studied initially as a natural generalization of branching processes (see [1, 5, 6, 7, 8, 13] just to mention a few). In recent years there has been a growing interest on discrete-time BRWs on deterministic graphs and on random environments (see [9, 11, 14, 19, 20, 23] ). It is well-known that any continuous-time BRW admits a discrete-time counterpart with the same behavior (see Section 2.2), thus, under a certain point of view, discrete-time BRWs generalize continuous-time BRWs; this is the analogous of the construction of the jump chain associated to a continuous-time Markov chain. Hence discrete-time BRWs help to understand continuous-time processes as well (see for instance [2, 3] ).
There are many reasons for studying fairly simple and non-interacting models such as BRWs.
One of them is the well-known connection with percolation theory. Besides, they are fundamental tools in the journey to understanding more sophisticated models: for instance, they are frequently used as comparison to prove survival or extinction of different particle systems using the well-known 1 technique called coupling. This last reason justifies our choice of studying truncated BRWs (see Sections 3.3 and 6) .
One of the differences between the discrete-time and the continuous-time settings is that in the second one the Markov property identifies a unique family of distributions for the time intervals between births and deaths and thus a unique family of laws for the random number of children of each particle. Hence, even if a continuous-time process seems to be a more realistic picture in view of applications, on the other hand it appears as a strong restriction if compared to the wide choice of reproduction laws that one can consider in the discrete-time case. Moreover, it is customary in the continuous-time setting, to study a one-parameter family of BRWs simultaneously in order to compute the intervals corresponding to different behaviors (see Section 2.2 for details). In contrast, the main results for discrete-time BRWs deal with one single process; nevertheless this is not a serious restriction and it is easy to see that the results on survival which are known for continuoustime BRWs can be obtained by applying the results for discrete-time BRWs to their discrete-time counterparts. In this sense the results of this paper "generalize" those of [2, 3] ; we give more details in the outline of the paper below. We study the survival of a BRW in the first part of this paper.
As for the topic of the second part, namely the approximation of a BRW, we see that, while the results on the spatial approximation (see Section 5) generalize those of [4, Section 3] , the results about the approximation by truncated BRWs (see Section 6) cannot be seen as a generalization of the analogous results of [4, Section 5] . This is due to the fact that the discrete-time counterpart of a continuous-time truncated BRW is not a discrete-time truncated BRW. Indeed note that in the definition of a truncated BRW (see Section 3.3 and [4, Section 2]) the time scale is essential.
The aim of this paper is threefold: we want to study the global, local and strong local behavior of discrete-time BRWs, the possibility of approximating BRW with a sequence of "spatially confined" and stochastically dominated BRWs and, finally, the approximation of a BRW by means of a sequence of truncated BRWs which are, essentially, multitype contact processes. The results of this paper generalize those of [2, 3, 4] not only because the class of discrete-time BRWs extends the class of continuous-time BRWs but also since some of the theorems are stronger and require weaker hypotheses.
Here is the outline of the paper. In Section 2 we define discrete-time BRWs and discuss their main properties. This is a natural generalization of the class of multitype Galton-Watson branching process (see [13, Section II.2] ) similar to those introduced in other papers (see [2, 3, 11, 23] for some recent references). In Section 2.2 we briefly introduce continuous-time BRWs and we construct their discrete-time counterparts. In Section 3 we give the technical definitions and we state some proof of Theorem 4.1(1) appeared in [23, Theorem 2.4] . A similar, but weaker, result for a limited class of continuous-time BRWs can be found in [24] and, for the whole class of continuous-time BRWs, in [2, 3] . We show that, in general, global survival cannot be characterized in terms of the first-moment matrix alone (see Example 4.4) , nevertheless some functional inequalities involving only the first-moment matrix M must hold in case of global survival (see Theorem 4.1). We introduce a class of fairly regular BRWs, which includes BRWs on quasi-transitive graphs and BRWs on regular graphs, for which we can give a complete characterization of global survival in terms of the matrix M . Roughly speaking, the regularity that we require is the possibility of mapping these BRWs into multitype Galton-Watson processes for which a complete characterization of the global survival is known (see for instance [13] and Theorem 4.1(5)). In Section 4.2 we show that local survival can be described, as the global one, by means of an infinite-dimensional generating function; this is the key to discuss strong local survival. This kind of survival was already studied, for instance, in [11] for a BRW on a random environment on Z. Here, using a different technique, we are able to treat a large class of transitive BRWs on deterministic graphs. In Section 5 we first generalize a Theorem due to Sarymshakov and Seneta (see [25, Theorem 6.8] ) and then we use this result (Theorem 5.1) to obtain an approximation of a general BRW, which is not necessarily irreducible, by means of a sequence of spatially confined BRWs (Theorem 5.2); this last one is a generalization of [4, Theorem 3 .1]. Here we obtain, as a particular case, that if we have a surviving process, then by confining it to a sufficiently large (possibly finite and not necessarily connected)
proper subgraph the resulting BRW survives as well; this result was already known for irreducible BRWs confined to connected subgraphs. At the end of the section we give some examples and counterexamples. Section 6 deals with the approximation of the BRW with a sequence of truncated BRWs. The key to obtain such a result is the comparison of our process with a suitable oriented percolation (as explained in Section 6.1). The strategy is then applied to some classes of regular BRWs in Theorem 6.5 (concerning local behavior) and Theorem 6.7 (concerning global behavior).
Finally in Section 7 we briefly discuss some open questions and possible future developments.
2. The dynamics: discrete and continuous time 2.1. Discrete-time branching random walks. We start with the construction of a generic discrete-time BRW (see also [3] where it is called infinite-type branching process) on a set X which is at most countable. To this aim we consider a general family µ = {µ x } x∈X of probability measures on S X := {f : X → N : y f (y) < ∞}. The updating rule is the following: a particle at a site x ∈ X lives one unit of time, then, with probability µ x , a function f ∈ S X is chosen and the original particle is replaced by f (y) particles at y, for all y ∈ X; this is done independently for all the particles.
Here is another equivalent dynamics: define the function H :
and denote by ρ x the measure on N defined by ρ x (·) := µ x (H −1 (·)); this is the law of the random 3 number of children of every particle living at x. For each particle, independently, we pick a number n at random, according to the law ρ x , and then we choose a function f ∈ H −1 (n) with probability
) and, again, we replace the particle at x with f (y) particles at y (for all y ∈ X).
More precisely, given a family {f i,n,x } i,n∈N,x∈X of independent S X -valued random variable such that, for every x ∈ X, {f i,n,x } i,n∈N have the common law µ x , then the discrete-time BRW {η n } n∈N is defined iteratively as follow
starting from an initial condition η 0 . We denote the BRW by (X, µ); the initial value will be clearly indicated each time.
Denote by m xy := f ∈S X f (y)µ x (f ) the expected number of particles from x to y (that is, the expected number of children that a particle living at x can send to y) and suppose that sup x∈X y∈X m xy < +∞; most of the results of this paper still hold without this hypothesis, nevertheless it allows us to avoid dealing with an infinite expected number of offsprings. Note that
We denote by M = (m xy ) x,y∈X the first-moment matrix and by m (n) xy the entries of the matrix M n . We call diffusion matrix the matrix P with entries p(x, y) = m xy /ρ x .
From equation (2.1), it is straightforward to prove that the expected number of particles, starting from an initial condition η 0 , satisfies the recurrence equation
Moreover, the family of probability measures, {µ x } x induces in a natural way a graph structure on X that we denote by (X, E µ ) where
Roughly speaking, (x, y) is and edge if and only if a particle living at x can send a child at y with positive probability (from now on wpp). We say that there is a path from x to y, and we write x → y, if it is possible to find a finite sequence {x i } n i=0 such that x 0 = x, x n = y and (x i , x i+1 ) ∈ E µ for all i = 0, . . . , n − 1. If x → y and y → x we write x ⇋ y.
Recall that the matrix M = (m xy ) x,y∈X is said to be irreducible if and only if the graph (X, E µ ) is connected, otherwise we call it reducible. We denote by deg(x) the degree of a vertex x, that is, the cardinality of the set {y ∈ X : (x, y) ∈ E µ }.
The colony can survive in different ways: we say that the colony survives locally wpp at y ∈ X starting from x ∈ X if
we say that it survives globally wpp starting from x if
Moreover, following [11] , we say that the there is strong local survival wpp at y ∈ X starting from
From now on when we talk about survival, "wpp" will be tacitly understood. Often we will say simply that local survival occurs "starting from x" or "at x": in this case we mean that x = y.
Clearly local survival implies global survival and, if x → y then local survival at x implies local survival at y starting from x. Analogously, if x → y then global survival starting from y implies global survival starting from x. Moreover if x ⇋ y then local (resp. global) survival starting from
x is equivalent to local (resp. global) survival starting from y. In particular, if M is irreducible then the process survives locally (resp. globally) at one vertex if and only if it survives locally (resp. globally) at every vertex.
Assumption 2.1. We assume henceforth that for all x ∈ X there is a vertex y ⇋ x such that µ y (f : w⇋y f (w) = 1) < 1, that is, in every equivalence class (with respect to ⇋) there is at least one vertex where a particle can have a number of children different from one wpp.
Remark 2.2. The previous assumption guarantees that the restriction of the BRW to an equivalence class is nonsingular (see [13, Definition II.6.2] ). There is a technical reason behind the previous assumption: if we consider the classical Galton-Watson branching process, that is, X := {x} is a singleton and µ x can be considered as a probability measure on N, then it is well-known that
• if µ x (1) = 1 then m xx = 1 and there is survival with probability 1;
• if µ x (1) < 1 then there is survival wpp if and only if m xx > 1.
Hence the condition m xx > 1 is equivalent to survival under Assumption 2.1. This will be used implicitly in Theorem 4.1(1) and (5) (but it is not needed, for instance, in Theorem 4.1(2), (3) and (4)).
A particular, but meaningful, subclass of discrete-time BRWs is described by the following updating rule: a particle at site x lives one unit of time and is replaced by a random number of children, with law ρ x . The children are dispersed independently on the sites of the graph, according to a stochastic matrix P . Note that this rule is a particular case of the general one, since here one simply chooses
Clearly in this case the expected number of children at y of a particle living at x is
2.2. Continuous-time branching random walks. Continuous-time BRWs have been studied extensively by many authors; in this section we make use of a natural correspondence between continuous-time BRWs and discrete-time BRWs which preserves both local and global behaviors.
In continuous time each particle has an exponentially distributed random lifetime with parameter 1. The breeding mechanisms can be regulated by putting on each edge (x, y) and for each particle at x, a clock with Exp(λk xy )-distributed intervals (where λ > 0), each time the clock rings the particle breeds in y. Equivalently one can associate to each particle at x a clock with Exp(λk(x))-distributed intervals (k(x) = y k xy ): each time the clock rings the particle breeds and the offspring is placed at random according to a stochastic matrix P (where p(x, y) = k xy /k(x)).
The formal construction of a BRW in continuous time is based on the action of a semigroup with infinitesimal generator
where Elementary calculations show that each particle living at x, before dying, has a random number of offsprings given by equation (2.3) where 6) and this is the law of the discrete-time counterpart. Using equation (2.4) , it is straightforward to show that m xy = λk xy . From equation (2.6) we have that, for any λ > 0, the discrete-time counterpart satisfies Assuption 2.1.
Given x 0 ∈ X, two critical parameters are associated to the continuous-time BRW: the global survival critical parameter λ w (x 0 ) and the local survival one λ s (x 0 ). They are defined as
where 0 is the configuration with no particles at all sites and P δx 0 is the law of the process which starts with one individual in x 0 . If the graph (X, E µ ) is connected then these values do not depend on the initial configuration, provided that this configuration is finite (that is, it has only a finite number of individuals), nor on the choice of x 0 . See [2] and [3] for a more detailed discussion on the values of λ w (x 0 ) and λ s (x 0 ).
Technical definitions
In this section we give some technical definitions and we state some basic facts which are widely used in the rest of the paper.
3.1. Reproduction trails. A fundamental tool which is useful throughout the whole paper is the reproduction trail; this allows us to give an alternative construction of the BRW. We fix an injective
Let the family {f i,n,x } i,n∈N,x∈X be as in Section 2.1 and let η 0 be the initial value. For any fixed realization of the process we call reproduction trail to (
The interpretation is the following: i n is the identification number of the particle, which lives at x n at time n and is the j n -th offspring of its parent. The sequence {x 0 , x 1 , . . . , x n } is the path induced by the trail (sometimes, we say that the trail is based on this path). Given any element (x l , i l , j l ) of the trail (3.8), we say that the particle identified by i n is a descendant of generation n − l of the particle identified by i l and the trail joining them is (x l , i l , j l ), . . . , (x n , i n , j n ). We say also that the trail of the particle i n is a prolongation of the trail of the particle i l .
Roughly speaking the trail represents the past history of each single particle back to its original ancestor, that is, the one living at time 0; we note that from the couple (n, i n ), since the map φ is injective, we can trace back the entire genealogy of the particle. The random variable η n (x) can be alternatively defined as the number of reproduction trails to (x, n). This construction does not coincide with the one induced by the equation (2.1) but the resulting processes have the same laws.
Finally, when µ x does not depend on x ∈ X, it is worth mentioning another possible construction of the process as a Markov chain indexed by trees (see for instance [28, Section 5 .C]).
Generating functions.
Later on we will need some generating functions, both 1-dimensional and infinite dimensional. Define T n x := y∈X m (n) xy and ϕ (n)
xy := 0 for all x, y ∈ X). T n x is the expected number of particles alive at time n when the initial state is a single particle at x. The interpretation of ϕ xy is the expected number of particles alive at y at time n when the initial state is just one particle at x and the process behaves like a BRW except that every particle reaching y at any time i < n is immediately killed (before breeding).
Let us consider the following family of 1-dimensional generating functions (depending on x, y ∈ X)
It is easy to prove that Γ(x, x|λ) = i∈N Φ(x, x|λ) i for all λ > 0, hence
and we have that lim sup n∈N n m (n) xy All these generating functions will be useful for instance in Section 4.1 to prove Theorem 4.1 and to discuss Examples 4.4 and 4.5. In Section 4.2 more properties of G will be established in order to prove some results related to local survival and strong local survival.
Note that the generating function G can be explicitly computed, for instance, if equation (2.3) holds. Indeed in this case it is straightforward to show that
) n (for instance if we are dealing with the discrete-time counterpart of a continuous-time BRW, see equation (2.6)),
where 1(x) := 1 for all x ∈ X, the ratio is to be intended as coordinatewise and M v(x) := y∈X m xy v(y) for all v ∈ [0, 1] X ; in this case m xy is given by equation (2.4).
3.3.
Coupling. The family of BRWs can be extended to the more general class of truncated BRWs where a maximum of m ∈ N∪{∞} particles per site are allowed; we denote this process as a BRW m .
The general dynamics is given by the following recursive relation
Clearly the BRW ∞ is the usual BRW and the BRW 1 is a contact process.
In the following sections we want to compare two (or more) truncated BRWs. What we are going to state is a discrete-time analogous of a well-known technique called coupling. Roughly speaking,
given two processes {η n } n and {ξ n } n , under certain conditions one can find two possibly different processes {η ′ n } n and {ξ ′ n } n with the same finite-dimensional distribution as the original ones and such that if
The condition that we use is the following: suppose we have two families µ = {µ x } x∈X and
for all x ∈ X and for some family of functions
The meaning of the maps F x is as follows: given any possible offspring outcome g of a particle living at x (breeding according to the law ν x ) there is a set of outcomes which occurs with the same probability, namely F −1
x (g), for a particle living at x (breeding according to the law µ x ); furthermore the number of newborn particles in the first case is pointwise not larger than the number of newborns in the second one.
This suggests that the BRW (X, µ), in some sense, dominates the BRW (X, ν). Under the previous
s. To check (3), note that, for any x ∈ X, given the family of random variables {f i,n,x } i,n∈N (with law µ x ) then {F x (f i,n,x )} i,n∈N are iid with common law ν x . Whence the evolution equation of {η m n } n∈N is (3.12) and, similarly, {ξ k n } n∈N satisfies
whence (3) follows by induction using equations (3.12) and (3.13). A typical choice for the family This procedure of comparison is called coupling between {η m n } n∈N and {ξ k n } n∈N . We note that if {η m n } n∈N dies out locally (resp. globally) a.s. then {ξ k n } n∈N dies out locally (resp. globally) a.s. More generally a coupling between {η m n } n∈N and {ξ k n } n∈N is a choice of a common law {ζ x } x∈X for the process
In many situations this construction of {ζ x } x∈X can be carried out effortlessly.
4. Local, strong local and global survival 4.1. Local and global survival. Consider the discrete-time BRW generated by the family µ = {µ x } x of probabilities and suppose now that the process starts with one particle at x 0 , hence
In this section we want to find conditions for global, local and strong local survival.
Recall that if X is finite then local survival is equivalent to global survival: this is trivial for an irreducible matrix M ; in the general case global survival, starting from x 0 , is equivalent to local survival at some y ∈ X such that x 0 → y (the same arguments of [3, Remark 4.4] apply).
Theorem 4.1. Let (X, µ) be a BRW.
(1) There is local survival starting from x 0 if and only if lim sup n→∞ n m (n)
There is global survival starting from x 0 if and only if there exists 
Proof.
(1) Fix x 0 ∈ X, consider a path Π := {x 0 , x 1 , . . . , x n = x 0 } and consider its number of cycles #{i = 1, . . . , n : x i = x 0 }; the expected number of trails based on such a path
. This is also the expected number of particles living at x 0 , descending from the original particle at x 0 and whose genealogy is described by the path Π, that is, their mothers were at x n−1 , their grandmothers at x n−2 and so on. We associate to the BRW starting at x 0 a Galton-Watson branching process with a different time scale as in [2, 
andq(x) be the probability of global extinction before or at the n-th generation and the probability of global extinction respectively, starting from a single initial particle at x. Clearlyq n+1 = G(q n ) andq n →q as n → ∞. Ifq(x 0 ) < 1 then take z =q as a solution of G(z) ≤ z (remember that G is continuous). On the other hand, if there exists x 0 x > 1 (see also Assumption 2.1 and Remark 2.2).
First of all, observe that it is easy to show, by using supermultiplicative arguments, that
xx . In terms of survival, studying a continuous-time BRW with rates {λk xy } x,y∈X is equivalent to studying its discrete-time counterpart (that is, a BRW where {µ x } x∈X is given by equations (2.3) and (2.6)). If we apply Theorem 4.1 to a discrete- 
This is a necessary condition for global survival for all discrete-time BRWs. Finally, note that the proof of part (1) of the previous theorem holds as well even if {m xy } is unbounded or m xy = +∞ for some x, y ∈ X.
An independent proof was given in [23, Theorem 2.4] using a different, more analytic, technique.
Speaking of global survival, it is easy to show that, given any solution of G(z) ≤ z, then z(x) is an upper bound for the probability of extinctionq(x). Moreover the existence of a solution as in when the BRW is an F-BRW (see Definition 4.2). In particular it has been shown in [11] that the inequality in Theorem 4.1(1) can still be checked in particular random environments.
Besides, according to Theorem 4.1(1) the local survival depends only on M , hence if we have two BRWs, say (X, µ) and (X, ν) with first-moment matrices M and M respectively, satisfying m xy ≥ m xy (for all x, y ∈ X) then the local survival at x 0 for (X, ν) implies the local survival at x 0 for (X, µ). In Example 4.4 we show that, for a general BRW, the global survival does not depend only on M nevertheless a characterization of global survival in terms of M alone holds for special classes of BRWs. The first example is given by the class of discrete-time counterparts of continuous-time BRWs and this is due to Theorem 4.1 (2) and to the fact that, in this case, G depends only on M (see equation (3.11) ). Another class is described by the following definition. Definition 4.2. We say that a BRW (X, µ) is locally isomorphic to a BRW (Y, ν) if there exists a surjective map g : X → Y such that
(4.14)
We say that (X, µ) is a F-BRW if it is locally isomorphic to some BRW (Y, ν) on a finite set Y .
The idea behind the previous definition is that g acts like a "projection" from X onto Y and, from the point of view of the BRW, all the vertices in g −1 (y) looks similar. Besides, the class of The function g induces a map π g :
). Clearly if {η n } n∈N is a realization of (X, µ) then {π g (η n )} n∈N is a realization of (Y, ν). Moreover it is easy to show that, for all x ∈ X, y ∈ Y ,
). This means that the expected number of offsprings at y of a particle living at g(x)
(on the projected BRW (Y, ν)) is the sum of the expected numbers of offsprings at z of a particle living at x (on the BRW (X, µ)) over all z ∈ X whose projection is y. Thus y∈Y m g(x) y = z∈X m xz . By induction on n ∈ N one can prove that, for all x ∈ X, y ∈ Y, n ∈ N, we have m
The following result characterizes the global survival of a F-BRW in terms of M . Theorem 4.3. Let (X, µ) is locally isomorphic to (Y, ν) and consider the following:
(1) there is global survival for (X, µ) starting from x 0 ∈ X,
) =q X n (x) for all n ∈ N. Hence, as n → ∞, we have that the minimal fixed points of these generating functions
(1) ⇐⇒ (3). Since, for all n ∈ N, we have z∈X m 
(where 1l {i+1} ∈ S N is defined by 1l {i+1} (x) = 1 if x = i + 1 and 0 otherwise). Roughly speaking, each particle at i has n i children at i + 1 with probability p i and no children at all with probability 1 − p i . According to Theorem 4.1(2) global survival starting from 0 is equivalent to the existence of
Clearly if n i = n, p i = p and np > 1 the BRW survives globally (take for instance n = 4 and p = 1/2). Let us suppose that p i = 2/n i . We construct iteratively a sequence {n i } i∈N such that the unique solution of G(z) ≤ z is z(i) = 1 for all i ∈ N. 
It is not difficult to prove that, if p k+1 → 0 then z(k + 1) → 1) and the set of solutions of equation (4.16) is eventually contained in any ε-enlargements of the set of vectors (z 0 (1), z 0 (2), . . . , z 0 (k), 1),
Let us study this last equation. We note that if n i p i p i+1 ≤ (1 − ε)/2 for all i ∈ N and for some ε > 0 then there is a unique solution of equation (4.17) , that is z(i) = 1 for all i = 0, . . . , k. Indeed equation (4.17) represents the system G(z) ≤ z for an irreducible BRW on {0, 1, . . . , k} where
14 Indeed, since the graph is finite and connected, according to Theorem 4.1(2) and (5) (n) ij > 1 for some (⇐⇒ for all) i ∈ {0, 1, . . . , k}; but, again since the graph is finite, the previous conditions are equivalent to lim sup n→∞ n m (n)
ii > 1 for some (⇐⇒ for all) i ∈ {0, 1, . . . , k}. Elementary computations show that
ii ≤ 1 − ε. This proves that the unique solution of equation (4.17) is z(i) = 1 for all i = 0, . . . , k.
As before, the trick to prove our goal is to choose the sequences {p i } i∈N and {n i } i∈N such that
If k = 1 then we can choose n 1 such that z(i) > 1/2 for all i ≤ 1. Indeed if n 1 → ∞ then p 1 → 0 and both z(1), z(0) → 1.
Suppose we fixed n 0 , . . . , n k such that any solution of equation Example 4.5. As before, we start by giving an example which is not irreducible, later on we modify the process in order to obtain an irreducible BRW.
Let X = N, {p n } n∈N be a sequence in (0, 1] and suppose that a particle at n has one child at n + 1 with probability p n and no children with probability 1 − p n (this is the reducible process of the previous example with n i = 1 for all i ∈ N). The generating function of this process is G(z|n) = 1 − p n + p n z(n + 1). Again this BRW can be identified with a time-inhomogeneous branching process which has a probability of extinction, starting with one particle at n, equal to z(n) = 1 − ∞ i=n p i ; hence it survives wpp, if and only if
This process is stochastically dominated by the irreducible BRW where each particle at n ≥ 1 has one child at n + 1 with probability p n , one child at n − 1 with probability (1 − p n )/2 (if n = 0 then it has one child of type 0 with probability (1 − p 0 )/2) and no children at all with probability (1 − p n )/2.
The generating function G can be explicitly computed
By coupling this process with the previous one or, simply, by applying Theorem 4. 
4.2.
Local survival and strong local survival. We know thatq is the smallest fixed point of
is the probability of global extinction starting from x. Moreover, if a sequence {z n } n∈N , defined recursively by z n+1 = G(z n ), has a limit z, then z = G(z) and, if the sequence is non decreasing, then z =q if and only if z 0 ≤q. Define q n (x, A) as the probability of extinction before generation n + 1 in A starting with one particle at x. It is clear that {q n (x, A)} n∈N is a nondecreasing sequence satisfying
hence there is a limit q(x, A) = lim n→∞ q n (x, A) ∈ [0, 1] X which is the probability of local extinction in A starting with one particle at x. Clearly q(·, A) = G(q(·, A)), hence these probabilities are fixed points of G. It is easy to show that A ⊆ B implies q(·, A) ≥ q(·, B); in particular q(·, ∅) = 1, and q(·, X) =q. The probability q(·, {y}) of local extinction at y starting from x is denoted simply by q(·, y). In general q(·, y) ≥q for all y ∈ X and q(·, y) =q if and only if q 0 (·, y) ≤q. If for some y ∈ X we have q(·, y) =q then the global survival starting from x implies the strong local survival at y starting from x.
In the special case when the set A of fixed points for G is reduced to the minimal one {q, 1}, then either there is no local survival at y starting from every fixed vertex x (that is, q(·, y) = 1) or the global survival at x implies the strong local survival at y (that is, q(·, y) =q). Clearly, sincē q is the smallest fixed point of G then A ⊆ x∈X [q(x), 1]. Thus, it would be important to find conditions for either A = {q, 1} or, when it is possible, for q(·, y) =q for all y ∈ X. Discussing such conditions in details goes beyond the purpose of this paper, but we want to give one result about the strong local survival of a class of regular discrete-time BRWs to give an idea of what can be done.
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Definition 4.6. Let γ : X → X be an injective map. We say that µ = {µ x } x∈X is γ-invariant if for all x, y ∈ X and f ∈ S X we have µ x (f ) = µ γ(x) (f • γ −1 ). Moreover (X, µ) is transitive if and only if there exists x 0 ∈ X such that for all x ∈ X there exists a bijective map γ : X → X satisfying γ(x 0 ) = x and µ is γ-invariant.
Proposition 4.7. Let (X, µ) be a discrete-time BRW with an irreducible matrix M . Then there is local survival at some y ∈ X starting from some x ∈ X if and only if there is local survival at all y ∈ X starting from every fixed x ∈ X. Moreover, if the BRW is transitive then local survival implies strong local survival.
Proof. Since the BRW is transitive, then the probabilityq(x) of global extinction does not depend on the starting point x and, analogously, the probability q(x, x) of local extinction at x starting from x is independent of x ∈ X. Moreover the matrix M is irreducible then for all x, y ∈ X we have q(x, x) = q(x, y). This, along with transitivity, implies that there are α, β ∈ [0, 1] such that α ≤ β andq = α1 and q(·, y) = β1 for all y ∈ X. Note that h(t) := G(t1; x) = n∈N ρ x (n)t n does not depend on x; moreover h(α) = α, h(β) = β and h(1) = 1. If there is local survival then β < 1 and this, along with Assumption 2.1, implies that h is strictly convex, thus α = β. This implies q(·, y) =q for all y ∈ X.
For a similar result concerning the strong survival of a BRW on a random environment on Z see [11] .
Remark 4.8. We note that if a continuous-time BRW is γ-invariant according to [4, Section 5]
then the discrete-time counterpart is γ-invariant. Hence, the previous result can be helpful to study the regularity of the extinction probabilities q λ (x, y) andq λ , as functions of λ, of a discrete-time counterpart of a continuous-time BRW (see equation (2.6)). They are both nonincreasing functions;
for instance if k(x) = y∈X k xy =k thenq λ (x) = min(1/λk, 1) for all x ∈ X.
Remember the explicit analytic form of G given by equation (3.11): since M = λK there is a dependence of G = G λ on λ; it is straightforward to show that
Using these properties, along with the fact thatq λ is the smallest solution of G λ (z) ≤ z (see [3] for details) it is easy to prove thatq λ ↑q λ ′ as λ ↓ λ ′ . In the irreducible case,q λ = 1 for all λ < λ w and [3, Example 3] shows that it may happen thatq λw < 1 which implies thatq λ can be discontinuous from the left.
As for q λ (x, y), clearly in the irreducible case q λ (·, y) = 1 for all λ ≤ λ s . On the other hand in the irreducible and transitive case we just proved thatq λ = q λ (·, y) for all λ > λ s hence if λ s > λ w in generalq λs < 1, thus lim λ↓λs q λ (·, y) =q λs < 1 = q λs (·, y). Hence q λ (·, y) can be discontinuous from the right. Let {X n } n∈N be a sequence of subsets of X and denote by n R the convergence parameter of M n = (m xy ) x,y∈Xn ; clearly, if the sequence {X n } n∈N is nondecreasing, we have that n R ≥ n+1 R.
The following theorem generalizes [25, Theorem 6.8] (note that the submatrices {M n } n∈N are not necessarily irreducible); it is the key to prove our main result about spatial approximation (Theorem 5.2).
Theorem 5.1. Let {X n } n∈N be a general sequence of subsets of X such that lim inf n→∞ X n = X.
Then for all x 0 ∈ X we have n R(x 0 , x 0 ) → R(x 0 , x 0 ). Moreover if M is irreducible and M n = (m xy ) x,y∈Xn then n R → R as n → ∞ and, in particular, for all x 0 ∈ X we have n R(x 0 , x 0 ) → R.
Proof. Suppose that M is irreducible. We start by showing that if {X n } n∈N is a nondecreasing sequence of subsets of N such that n∈N X n = X then n R ↓ R as n → ∞ and n R(x 0 , x 0 ) → R for all x 0 ∈ X. If M n are all irreducible then the claim follows easily from [25, Theorem 6.8] . In the general case, fix an index x 0 ∈ X and consider the sequence of sets {J n } n∈N where J n is the class of x 0 in X n . Given any index x, we have that x ∈ J n eventually as n → ∞; indeed if A is the set of vertices in a path connecting x 0 to x and back (which exists since M is irreducible) then eventually A ⊆ X n which implies A ⊆ J n thus n J n = X. Let us call n R the convergence parameter of M n = (m xy ) x,y∈Jn . Since M n is an irreducible submatrix of M n then, according to [25, Theorem 6.8] , n R ↓ R. On the other hand R ≤ n R ≤ n R(x 0 , x 0 ) ≤ n R(x 0 , x 0 ) = n R which yields the conclusion for a nondecreasing sequence of subsets.
If {X n } n∈N is not monotone, then consider a nondecreasing sequence {X ′ n } n∈N of finite subsets of X such that n∈N X ′ n = X. For any n there is r n such that for all r ≥ r n we have X r ⊇ X ′ n . Clearly, for all r ≥ r n ,
It is easy to show that R(x 0 , x 0 ) = R(x 0 , x 0 ) and n R(x 0 , x 0 ) = n R(x 0 , x 0 ) for all n ∈ N. Since M is irreducible, the first part of the proof yields the conclusion.
Note that in the previous theorem the subsets {X n } n∈N can be chosen arbitrarily; in particular they may be finite proper subsets.
5.2.
Application to BRWs. Given a sequence of BRWs {(X n , µ n )} n∈N such that lim inf n→∞ X n = X, we define m(n) xy := f ∈S Xn f (y)µ n,x (f ) and the corresponding sequence of submatrices
The main goal of this section is to investigate if the survival of (X, µ) can guarantee the survival of (X n , µ n ) for all sufficiently large n. The following theorem is the main result of this section; note that for all x, y ∈ X, m(n) xy is well defined eventually as n → ∞. In this result we are not assuming that the BRW is irreducible.
Theorem 5.2. Let us fix a vertex x 0 ∈ X. If lim inf n→∞ X n = X and m(n) xy ≤ m xy for all x, y ∈ X n , n ∈ N and m(n) xy → m xy as n → ∞ then (1) (X, µ) dies out locally (resp. globally) a.s. starting from x 0 =⇒ (X n , µ n ) dies out locally (resp. globally) a.s starting from x 0 for all n ∈ N;
(2) (X, µ) survives locally wpp starting from x 0 =⇒ (X n , µ n ) survives locally wpp starting from x 0 eventually as n → ∞.
Proof.
(1) It follows by coupling the BRW(X n , µ n ) with the subcritical BRW(X, µ) as described in Section 3.3.
(2) Let us fix a sequence {Y n } n∈N of finite subsets of X such that lim inf n→∞ Y n = X. By The- 
x 0 x 0 > 1. Moreover since Yn is finite there exists n 0 such that for all n ≥ n 0 we have m(n) xy ≥ m xy /(1 + ε) = a(n) xy for all x, y ∈ Yn, thus lim sup
x 0 x 0 > 1 for all n ≥ n 0 . Theorem 4.1(1) yields the conclusion.
Note that in the language of continuous-time BRWs (see [2] and [3] for details), the claim of the previous theorem is λ s ((X n , µ n ), x 0 ) → λ s ((X, µ), x 0 ); hence it is a generalization of [4, Theorem
Among all the possible choices of the sequence {(X n , µ n )} n∈N there is one which is induced by (X, µ) on the subsets {X n } n∈N ; more precisely, one can take µ n (g) := f ∈S X :f | Xn =g µ x (f ) for all x ∈ X n and g ∈ S Xn . Roughly speaking, this choice means that all the reproductions outside X n are suppressed. Note that, in this case, m(n) xy = m xy for all x, y ∈ X n ; the result in this particular case is implicitly used, for instance, in the proof of [ The question is nontrivial when (X, µ) survives globally but not locally, which we assume henceforth in this remark.
In this last case, if X n is finite for every n ∈ N and the graph (X n , E µn ) is connected then there is no distinction between global and local survival for the process (X n , µ n ); in particular (X n , µ n ) dies out (locally and globally) a.s. for all values of n ∈ N.
On the other hand, the case where X n is finite for every n ∈ N and the graph (X n , E µn ) is not connected is more complicated and can be treated as in [3, Remark 4.4] . Fix an infinite, transitive and connected graph X and consider a reproduction law as in equation (2.3) such that the random walk {p(x, y)} x,y∈X has a spectral radius θ < 1. Suppose that xx =ρθ < 1. Fix a vertex o ∈ X, an infinite self-avoiding path γ = {x i } in X starting from o and define X n := B(o, n) ∪ γ (where B(o, n) denotes the ball with center o and radius n). Finally, consider the restricted laws µ n of µ to X n as described in Section 3.3.
Adapting the arguments of [2, Remark 3.10], since there is no local survival in X n and the ball B(o, n) is finite, one can prove that there is global survival on X n if and only if there is global survival on the set γ. Suppose now that the ray is chosen in such a way that
by choosingρ ∈ 1, min(θ −1 , α −1 ) we have, by induction on n, that y∈γ m (n) (x, y) ≤ρ n α n and then, according to Theorem 4.1(4), there is no global survival on γ. This implies that there is no global survival on X n for any n ∈ N. An explicit example is given by the homogeneous tree with degree larger than 3 with the simple random walk. Indeed, note that, if µ n is the law induced by µ on X n , since µ is K-invariant, the behavior of (X n , µ n ) is the same as the behavior of (Y, ν). Clearly if (Y, ν) survives then (X, µ) survives. On the other hand if (X, µ) survives, according to Theorem 5.2, there exists a finite subset A ⊂ X such that the induced BRW on A survives thus, for any n such that X n ⊇ A we have that (X n , µ n ) survives and this implies the survival of (Y, ν). 
Approximation by truncated BRWs
In this section we want to study the approximation of a BRW {η n } n∈N by means of the sequence of truncated BRWs {{η m n } n∈N } m∈N . We already know that if the BRW dies out locally (resp. globally) a.s. then any truncated BRW dies out locally (resp. globally) a.s. (this can be proved by coupling as explained in Section 3.3). On the other hand we would like to be able to prove a result similar to Theorem 5.2 as m tends to infinity. For continuous-time BRWs this has been done in [4] ; the technique we use here is essentially the same. From now on the set X is assumed to be countable; indeed, if it is finite then there is no survival for the truncated BRW {η m n } n∈N for any m ∈ N. Moreover, for technical reasons we suppose that the graph (X, E µ ) has finite geometry, that is,
In the following (see Step 3 below) we need to find a measure ρ which dominates stochastically all the measures {ρ x } x∈X (where ρ x is the distribution of the number of children of a particle living at x, see Section 2.1). It is straightforward to see that the existence of such a measure ρ is equivalent to sup x∈X ρ x ([n, +∞)) → 0 as n → +∞ (that we assume henceforth). In this case ρ can be chosen according to
Moreover the measure ρ can be chosen with finite first (resp. k-th) moment if and only if
We assume that the matrix M is irreducible and we denote its convergence parameter by R µ .
We observe that, using this notation, according to Theorem 4.1(1), local survival is equivalent to R µ < 1. Remember that, in this case, lim inf n→∞ n y m (n) xy and lim sup n→∞ n m (n) xx do not depend on the choice of x, y ∈ X.
In the following, we need to define the product of two graphs (basically, these will be space/time products): given two graphs (X, E), (Y, E ′ ) we denote by (X, E) × (Y, E ′ ) the weighted graph with set of vertices X × Y and set of edges E = { ((x, y), (x 1 , y 1 ) ) : (x, x 1 ) ∈ E, (y, y 1 ) ∈ E ′ }.
6.1. The comparison with an oriented percolation. First of all, remember the coupling between {η n } n∈N and {η m n } n∈N : the truncated process {η m n } n∈N (satisfying equation (3.12)) can be seen as the BRW {η n } n∈N (satisfying equation (2.1)) by removing, at each step, all the births which cause more than m particles to live on the same site. As in [4] we need two other coupled processes.
Fix n ∈ N (which plays the same role as n 0 in [4] ) and let {η n } n∈N be the process obtained from the BRW {η n } n∈N by removing all n-th generation particles with n > n, that is
Define {η m n } n∈N analogously from {η m n } n∈N . Clearly, the following stochastic inequalities hold η n ≥ η m n andη n ≥η m n for all n ∈ N. By construction, the progenies of a given particle in {η n } n∈N or {η m n } n∈N lives at a distance from the ancestor not larger than n. Our proofs are essentially divided into four main steps. We report here shortly the essence of these steps and we refer to [4, Section 4] for further details.
Step 1. Fix a graph (I, E(I)) such that the Bernoulli percolation on (I, E(I)) × N has a critical value p c < 1 (where we denote by N the oriented graph on N, that is, (i, j) is an edge if and only if j = i + 1).
The usual trick is to find a copy of the graph Z or N as a subgraph of I, since the (oriented) Bernoulli bond percolation on Z × N and N × N has two phases. In this paper, the main choices for I are Z, N or X.
Step 2. Given a globally (or locally) surviving BRW and for every ε > 0 there exists a collection of disjoint sets {A i } i∈I (A i ⊂ X for all i ∈ I),n > 0, and k ∈ N \ {0}, such that, for all i ∈ I, 20) for all η such that x∈A i η(x) = k and η(x) = 0 for all x ∈ A i . The same holds, for n ≥n, for {η n } n∈N in place of {η n } n∈N .
In the following sections Step 2 will be established under certain conditions (and for suitable choices of (I, E(I))). Basically we have to prove that, for a suitable surviving BRW, with a probability arbitrarily close to 1, given enough particles in A i , after a fixed timen, we have at least the same number of particles on every neighboring set A j .
In order to understand Steps 2, 3 and 4, we describe briefly the percolation that we want to construct. Consider an edge ((i, l), (j, l + 1)) in (I, E(I)) × N: let it be open if {η m n } n∈N has at 22 least k individuals in A i at time ln and in A j at time (l + 1)n.
Step 3, which follows from Step 2, guarantees that, if m is sufficiently large, then all the edges exiting a fixed vertex are open with a probability arbitrarily close to 1. Thus the probability of global survival of {η m n } n∈N is bounded from below by the probability that there exists an infinite cluster containing (i 0 , 0) in this percolation on I × N, and, if A i 0 is finite, the probability of local survival is bounded from below by the probability that the cluster contains infinitely many points in {(i 0 , l) : l ∈ N} (we suppose to start with k particles in A i 0 ). Let ν 1 be the associated percolation measure. Unfortunately this percolation is neither independent nor one-dependent. In fact the opening procedure of the edges ((i, n), (j, n + 1)) and ((i 1 , n), (j 1 , n + 1)) may depend respectively on two different progenies of particles overlapping on a vertex x 0 . This may cause dependence since if in x 0 there are already m particles then newborns are not allowed.
Step 4 overcomes this problem.
Step 3. Let ε, {A i } i∈I ,n and k be chosen as in Step 2. Then for all sufficiently large m we have that, for all i ∈ I,
for all η such that
The same holds, for n ≥n, for {η m n } n∈N in place of {η m n } n∈N .
Step 3 follows from Step 2; the proof is a natural adaptation of the same arguments of [4, Step 3] . Indeed let N n be the total number of particles ever born in the BRW before time n (starting from the configuration η); it is clear that N n is a process stochastically dominated (the arguments are similar to the ones we used in Section 3.3) by a branching process with offspring law
and initial state N 0 (where ρ is given by equation (6.18) ). If N 0 < +∞ almost surely then for all n > 0 we have N n < +∞ almost surely; hence for all n > 0, k > 0 and ε > 0 there exists N (n, ε, k) such that, for all i ∈ I,
for all η such that x∈A i η(x) = k, η(x) = 0 for all x ∈ A i . Define N = N (n, ε, k): in order to compare with [4, Step 3], we observe that N = N (n, ε, k) plays the same role played byn = n(t, ε)
in [4] . The conclusion follows, using elementary probability arguments, as in [4, Step 3] by choosing m ≥ N .
Step 4. Given a globally (or locally) surviving BRW, for every ε > 0 and for all sufficiently large m, there exists a one-dependent oriented percolation on I × N (with probability 1 − 2ε of opening simultaneously all edges from a vertex and 2ε of opening no edges) such that the probability of survival of the BRW m (starting at time 0 from a configuration η such that x∈A i 0 η(x) = k and η(x) = 0 for all x ∈ A i 0 ) is larger than the probability that there exists an infinite cluster containing
To overcome the dependence of the "natural" percolation that we described above, we adapt [4,
Step 4] to a discrete-time process: the construction is made by means of the process {η m n } n∈N by choosing m ≥ 2 N H where N is the same as in Step 3 and H is the maximum of the number of paths of length n crossing a vertex (the assumption of bounded geometry that we made on the graph plays a fundamental role here). Note that with this choice of m we have that, starting with an initial condition η 0 (such that x∈X η 0 (x) = k), η m n = η n andη m n =η n for all n ≤n on an event with probability at least 1 − ε (namely, {Nn ≥ N (n, ε, k)} as defined in Step 3).
Step 4 follows then from Step 3.
Our next goals are to fix suitable graphs (I, E(I)) and prove Step 2 for a large class of globally Remark 6.1. As in [4] , the previous set of steps represents the skeleton of the proofs of Theorems 6.5 and 6.9. In order to be able to prove Theorem 6.7 we need to modify this approach. Here are the main differences. We choose an oriented graph (W, E(W )) and a family of subsets of X,
• W is a subset of the set Z × N (the inclusion is between sets not between graphs);
• for all n ∈ N we have that {A (i,n) } i:(i,n)∈W is a collection of disjoint subsets of X;
Step 2 translates into the following: given a (globally or locally) surviving BRW and for every ε > 0, there existsn > 0 and k ∈ N, such that, for all n ∈ N, i ∈ Z, and for all η such that
Step 3 is the same and the percolation in Step 4 now concerns the graph (W, E(W )). Step 2 is based on some estimates on the expected value E δo (η n (x)) of the number of individuals in a site. This expected value can be computed using equation (2.2) : hence E δo (η n (x)) = m
In the following lemma we prove that, when R µ < 1, if at time 0 we have one individual at each of the sites x 1 , . . . , x l , then, given any choice of l sites y 1 , . . . , y l , after some time the expected number of descendants in y i of the individual in x i exceeds any fixed D ≥ 1 for all i = 1, . . . , l. The proof follows immediately from equation (6.22) we omit it; just note that, due to equation (6.19) , the estimate on E δx j (η n (y j )) follows immediately from the one on E δx j (η n (y j )).
Lemma 6.2. Let us consider the finite set of couples {(x j , y j )} l j=0 and fix
We show that, when R µ < 1, for all sufficiently large k ∈ N, given k particles in a site x at time 0, "typically" (i.e. with arbitrarily large probability) after some time we will have at least Dk individuals in each site of a fixed finite set Y . Analogously, starting with l colonies of size k (in sites x 1 , . . . , x l respectively), each of them will spread, after a sufficiently long time, at least Dk descendants in every site of a corresponding (finite) set of sites Y i .
Lemma 6.3. Suppose that R µ < 1.
(1) Let us fix x ∈ X, Y a finite subset of X, D ≥ 1 and ε > 0. Then there existsn =n(x, Y ) > 0
The claim holds also with {η n } n∈N in place of {η n } n∈N when n ≥n.
(2) Let us fix a finite set of vertices {x i } i=1,...,m , a collection of finite sets {Y i } i=1,...,l of vertices of X, D ≥ 1 and ε > 0. Then there existsn =n({x i }, {Y i }) (independent of ε),
(1) If we denote by {{ξ n,i } n∈N } i∈N a family of independent BRWs behaving according to µ and starting from ξ 0,i = δ x (for all i ∈ N) then, by Lemma 6.2, we can choosen such 25 that E δx (ξn ,i (y)) > 2D for all y ∈ Y . Consider a realization of {η n } n∈N such that η n (y) = k j=1 ξ n,j (y); denote the variance var(ξ n,j (y)) by σ 2 n,y . Since ξ n,j is stochastically dominated by a branching process with offspring law ρ (where ρ is chosen as in equation (6.18)), it is clear that, for all y, σ 2 n,y < E(ρ) n−1 var(ρ) < +∞ since we assumed at the beginning of this section that ρ has finite second moment. By using the one-sided Chebyshev inequality
Hence, fixed any δ > 0, there exists k(δ, x, y) such that, for all k ≥ k(δ, x, y),
where |Y | is the cardinality of Y . The assertion forη n follows from Lemma 6.2.
(2) Let {{ξ n,i } t≥0 } i∈N be as before and choosen such that
nd for all i = 1, . . . l. According to (1) above we may fix k i such that, for all k ≥ k i ,
Take k ≥ max i=1,...,l k i to conclude. Again the assertion forη n follows from Lemma 6.2.
The dependence of k on the offspring distribution µ is hidden in the term σ 2 n,y , that is, inn and in the dominating offspring law ρ. The key is to find a fixed k such that the lower bound in the previous theorem holds simultaneously for a family {(x i , Y i )}. One possibility is to choose a finite family (as we did in the previous lemma) but it is not the only one: one has to find a fixedn such that Lemma 6.2 holds (for all the couples (x i , y) where y ∈ Y i ) and this gives immediately an upper bound for σ 2 n,y (uniform with respect to y).
Remark 6.4. Note that Lemmas 6.2 and 6.3 can be restated for the process {η m n } n∈N if m is sufficiently large. Indeed, when m ≥ 2N (n, ε, Dk)H (as in Step 4) we have thatη m n =η n for all n ≤n on an event with probability at least 1 − ε. In the rest of the paper, when not explicitly stated otherwise, Lemma 6.3 will be used by setting D = 1.
We already know that if {η n } n∈N dies out locally (resp. globally) a.s. then {η m n } n∈N dies out locally (resp. globally) a.s. The following theorem states the converse.
We recall that (X, µ) is quasi transitive if and only if there exists a finite subset X 0 ⊆ X such that for all x ∈ X there exists a bijective map γ : X → X and x 0 ∈ X 0 satisfying γ(x 0 ) = x and µ is γ-invariant.
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Theorem 6.5.
If at least one of the following conditions holds (1) (X, µ) is quasi transitive and connected; (2) (X, µ) is connected and there exists γ bijection on X such that (a) µ is γ-invariant; (b) for some x 0 ∈ X we have x 0 = γ n x 0 if and only if n = 0; then if {η n } n∈N survives locally (starting from x 0 ) then {η m n } n∈N survives locally (starting from x 0 ) eventually as m → +∞.
Proof.
(1) Let R µ < 1 and define, for any x ∈ X 0 , Y x := {y ∈ X : (x, y) ∈ E µ }. Fix I = X,
Step 2. To prove that the percolation on (I, E(I)) × N has two phases (that is, (I, E(I)) can be used in
Step 1) we note that this follows from the fact that the graph N is a subgraph of X. 
Recall that in the supercritical
 P ηn(γx 0 ) ≥ k η 0 (x 0 ) = k > 1 − ε P ηn(x 0 ) ≥ k η 0 (γx 0 ) = k > 1 − ε.
This implies easily
for all n ∈ Z since µ is γ-invariant. Thus {η m n } n∈N survives locally (for sufficiently large m) applying Step 3 and 4 (here I = Z and A i = {γ i x 0 }). xx then the global survival of {η n } n∈N implies the global survival of {η m n } n∈N for a sufficiently large m ∈ N. Since a quasi-transitive BRW is an F − BRW , according to Theorems 4.1 and 4.3 {η n } n∈N survives globally if and only if it survives locally. We proved in Theorem 6.5 that {η m n } n∈N survives locally (for sufficiently large m), thus it survives globally. Remark 6.6. The basic idea of this section is to take a BRW (X, µ) which is locally isomorphic to a BRW (I, ν) (the projection map being g); we define {A i } i∈I by A i := g −1 (i). We know that, if {η n } n∈N is a realization of (X, µ) then a realization of (I, ν) is given by the projection (on I) {ξ n } n∈N where ξ n = π g (η n ) for all n ∈ N. Clearly ν g(x) (·) = µ x (g −1 (·)) and we can easily compute the expected number of particles alive at time n in A i starting from a single particle alive in x at time 0 as
Since {η m n } n∈N and {π g (η m n )} n∈N have the same global behavior and {π g (η m n )} n∈N stochastically dominates {ξ m n } n∈N then if the latter survives globally wpp then {η m n } n∈N survives globally wpp.
Following the previous remark, we take I = Z, X = Z × Y (for some set Y ) and we denote by g : X → Z the usual projection from X onto Z, namely g(n, y) := n.
We suppose that ν is translation invariant and we denote by ρ andρ = y∈X m xy = j∈Z m g(x)j the distribution and the expected number of offsprings of {η n } n∈N respectively (where, according to the notation of Section 3, m ij is the expected number of offsprings in j of a particle in i of the projected BRW {ξ n } n∈N ). We note that, since ρ andρ are the distribution and the expected number of offsprings of ν as well, they do not depend on x ∈ X or i ∈ Z since ν is translation (2) if the BRW survives globally (starting from x) then {η m n } n∈N survives globally (starting from x) provided that m is sufficiently large.
(1) This follows from Theorem 4.3 since (X, µ) is an F-BRW which can be mapped onto the branching processes with offspring distribution ρ and recalling that y∈Z m (n) xy =ρ n . (2) According to Remark 6.6 it is enough to prove the claim for the BRW {ξ n } n∈N where ξ n = π g (η n ) whose diffusion matrix satisfies (2) if the BRW survives globally (starting from x) then {η m n } n∈N survives globally provided that m is sufficiently large.
Proof. Fix an end τ in T r and a root o ∈ X and define the map h : X → Z as the usual height (see [27, Section 12.13] ). Let A k = h −1 (k) as k ∈ Z (these sets are usually referred to as horocycles).
Since µ is invariant with respect to every automorphism then we have, as before, that T r = Z × Z is locally isomorphic to (Z, ν) where the projection ν is translation invariant.
Final remarks
The paper is devoted to three main issues: finding conditions for the local (resp. global) survival of the process, discussing the spatial approximation and, finally, studying the approximation by means of truncated BRWs. This has been done for continuous BRWs in [2, 3, 4] . More work can still be done in the direction of understanding the strong local survival by using the infinite-dimensional generating function G; what we did in Section 4.2 is just a beginning.
As for the spatial approximation, the results of Section 5 are quite satisfactory. On the other hand, there is room for improvements in the approximations by truncated BRWs of Section 6.
Indeed, one can hope to find more classes of BRWs which can be approximated by their truncations.
In our results a key role was played by the similarity of the BRW under suitable automorphisms of the graph (such as translations, for instance), nevertheless the four steps described in Section 6.1 (see also [4, Section 5] ) are quite general and could be applied to a variety of classes of BRWs, provided one can prove
Step 2 (as we did in Sections 6.2 and 6.3, possibly using different techniques).
Finally, some of our results can be applied in a natural way to BRWs in random environment (as in [4, Section 7] ) but, again, this goes beyond the purpose of the paper.
